MEASURABLE GAMBLING HOUSES

BY
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1. Introduction. In [4], Dubins and Savage develop a general theory of
gambling. The gambler begins with an initial fortune f, which is a point in a
fortune space F. He may either stop at f or select a gamble y, which is a proba-
bility on F, from a set I'(f) of gambles available at f. He then moves to a new fortune
[ selected according to y, where he repeats the process. A bounded utility function
u is defined on F, and the gambler’s objective is to stop at a fortune of high utility.
If we let U(f) be the best he can expect to do starting at f; then we say that U is
the utility of the house. The theory uses finitely additive gambles defined on all
subsets of F, partly because of measurability difficulties which arise if the usual
measurability structure of countably additive gambles defined on a o-field of subsets
of F is used. In particular, the utility of the house need not be measurable (see
example below).

In this paper we show that given a Borel measurability structure of the type used
by Blackwell in dynamic programming [1], the utility of the house, while not
necessarily Borel measurable, is absolutely measurable and hence its integral is
defined with respect to any Borel measure. (A function is absolutely measurable if
it is measurable with respect to the completion of the Borel sets under any measure.)
Moreover, the gambler can do as well using only measurable policies (defined
below) as he can using arbitrary policies. The assumptions, and hence the results,
are somewhat weaker than those of §2.16 of [4]. The methods used are the same
as those used in §7 of [8] to obtain similar results in dynamic programming.

§4 is somewhat of a digression and contains the following results: If (Q, #)
is a measurable space and &, is an increasing sequence of countably generated
sub-o-fields of #, then there exists a countable collection of stop rules C such that
for any stop rule ¢ and any probability p on (Q, %), there is a sequence of stop
rules {t,} < C such that ¢, — ¢ with p-probability one.

2. The gambler’s problem. In this section we outline the gambler’s problem as
defined in Chapter 2 of [4]. The necessary theory of finitely additive integration in
product spaces is developed there. We will make no use of that theory in this
paper.

Let F be some nonempty set consisting of fortunes f. A gamble y is a finitely
additive probability defined on all subsets of F, and a gambling house I' is a function
which associates with each fortune f a nonempty set I'(f) of gambles y among
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which the gambler is allowed to choose when his fortune is f. We refer to I'(f)
as the set of gambles available in T at f.

A strategy o is a sequence oy, oy, . .., Where o, is a gamble and for each n>0,
a, is a function which associates, with each finite sequence of fortunes (13, . . ., f,),
a gamble a,(f3, . . ., f,). We think of o,(f3, . . ., f,) as the conditional distribution of
Ju+1 if the gambler has experienced f1, . . ., f,, and uses the strategy o. The strategy
o induces a probability on the space of histories H=Fx Fx - - -, which we shall
also denote by o. The strategy o is available in T at f if 0, € I'(f) and o,(f4, . . ., fo)
eI'(f,) fornzx1.

A stop rule t is an integer-valued function or the set of histories H with the
property that if 4 and &’ agree through the first #(h) coordinates, then t(h)=t(h’).
Associated with each stop rule ¢ is the terminal fortune f,, the fortune at which we
stop using ¢. A policy = is a pair (o, t); = is available in T at f if ¢ is available at f.

The utility function u is a bounded real-valued function on F, and u(f) is the
utility of the fortune f to the gambler. If the gambler uses the policy ==(o, 1),
i.e., gambles according to o until time ¢ and then stops, his utility when he stops
will be u(f;). The utility u(m) of the policy = is the expected utility on stopping, i.e.,

utm) = [u(f) do

The gambler wishes to find a policy = which will make (=) as large as possible,
given his initial fortune f and the rules of the house T, or to stop immediately
and settle for u(f) if he finds that preferable. He then wishes to achieve, or at least
to approach,

U(f) = max [u(f), sup u(=)],

where the supremum is taken over those policies = available in ' at f. We call
U(f) the utility of T at f.

3. Measurable houses. Let F be a nonempty Borel set, i.e., a Borel subset of a
complete separable metric space, and let & be the o-field of its Borel subsets.
Let P be the set of countably additive probabilities p on %, and let = be the smallest
o-field of subsets of P which makes pB a  measurable function of p for each
Be%. Then P is a Borel set, and X is the o-field of its Borel subsets [3].

We will abuse notation somewhat by using y throughout the rest of the paper
to denote the restriction of a gamble to #, and will identify all gambles which
agree on #. If all gambles available in I" are countably additive, we will also let T’
denote the set of pairs {(f; ) | y € ['(f)} in the product space Fx P.

DEFINITION 1. A gambling house I' is measurable if:

(1) The set of fortunes F for which T is defined is a Borel set.

(ii) Each gamble y available in I' is countably additive when restricted to 4.

(i) T={(f,y) | ye T(f)} e # xX.

DEFINITION 2. A strategy o available in a measurable house I' is measurable if
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o, is a measurable map from Fx Fx - - - x F (n factors) to P, i.e., if o, is a regular
conditional probability on (F, &) given (f1, ..., f)-

DEFINITION 3. A policy m=(o, t) is measurable if o is measurable and ¢ is measur-
able with respect to £, the product o-field in H.

The main result of this paper is

THEOREM 1. If T' is a measurable house and u is Borel measurable, then U is
absolutely measurable, and for any >0, and any f there exists a measurable policy
m available at f such that u(w)> U(f)—e.

The following example, which is closely related to Example 2 of [1], shows that
under the conditions of the theorem, U need not be Borel measurable.
EXAMPLE. Let F be the unit square, and for f=(x,, y,) € F, let

['(xo, yo) = {8(x0, ¥) | 0=sy=s1j

where 8(x, y) is the measure which assigns probability one to the point (x, y). Let
u be the indicator function of B, a Borel subset of F whose projection D on the
x-axis is not Borel. Then U(x, y)=1 if x € D and U(x, y)=0 otherwise; hence U is
not Borel measurable.

Dubins and Savage also define the strategic utility of the house, V, as the best
the gambler can expect to do if he must play an arbitrarily long time before stopping
[4, Chapter 3]. We do not know if a similar result holds for V.

The remainder of the paper is devoted to the proof of Theorem 1.

4. A digression about stop rules. This section develops a result for stop rules
which we will need for the proof of Theorem 1, but which is independent of the
rest of the paper. We give the result in somewhat greater generality than it is needed
in the paper, and for that reason the notation in this section is also independent
of that in the rest of the paper.

Let (Q, &) be a measurable space, i.e., let Q be a set and # be a o-field of subsets
of Q, and let {#,, n=1} be a nondecreasing sequence of countably generated
sub-o-fields of #. Let T be the collection of all stop rules ¢, i.e., integer-valued
random variables ¢ such that {w | #(w) <n} € #,. Let P be the set of all probability
measures p on (Q, %).

THEOREM 2. There exists a countable subset C<T such that for any t € T and any
p € P, there exists a sequence {t,, k=1,2,...}<=C such that

lim ¢, = ¢ with p-probability one.

k— o

Proof. Let #,,,,n,m=1, be finite fields such that % am S F pm for all n<n’ and
m=m’', and the smallest o-field containing | J, & nn is F,. Let

Cpo={teT|t<mand [t =nleF,,forl S n < mj

c=") Cn
m=1
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Then C is countable, since each C,, is finite, and we need only show that C satisfies
the conditions of the theorem.

Take any te T, and any p € P. Let A,={w | #(w)=n}. For each n, we can find a
sequence of sets B, such that

Bin€F,n and lim P(B,,AA4,) =0,
m-—+ oo

where
BA4A = [AN (Q—-B)]U [BN (Q—A)].

(See [2, supplement Theorem 1.3].) Let

B, = Byn— \J Binm forn < m,
i<n

B,, = Q— | Bj,,
i<m
and define ¢, by B,,={w | tn(w)=n}.
Clearly t, € C,, for all m, and routine calculations show that ¢,, — ¢ in p-proba-
bility as m — oco; hence by a well-known theorem [6, p. 116], we can extract a
subsequence which converges to ¢ with p-probability one.

COROLLARY 1. If Y, is any sequence of uniformly bounded random variables on
(Q, F), then sup,cr [ Y, dp is a Z measurable function of p.

Proof. If t, — ¢ almost surely [p], then Y, — Y, almost surely [p]. Hence from
Theorem 1 and the Lebesgue dominated convergence theorem [6, p. 125], it
follows that

supr, dp = supr, dp
teC teT

for all p € P. But by Theorem 2.2 of [3], [ Y, dp is a £ measurable function of p
for each ¢; hence so is

sup f Y, dp.
teC

5. Random strategies. Let X=Px FxPxFx ---, i.e., let X be the set of his-
tories of the gambler, including both his fortunes and the gambles used. Let
X,=PxFx ... xF (2n factors) be his partial history up to his nth fortune. We
will index the coordinates of x € X by x=(y,, f1, ¥1, /2, . . .) and the coordinates of
X, € X, similarly. We equip X and the X,’s with their product ¢-fields of Borel
sets.

DEFINITION 4. A random strategy p is a sequence of py, ps, . .., Where p, is a
probability on (P, %) and for n=1, p, is a regular conditional probability on
(P, Z) given X,. A random strategy p is available in " at f if po[['(f)]=1, and for
nz1, p(I'(f2) | Yoo fir - s fo)=1

The interpretation of a random strategy is that the gambler selects v, according
to po, and moves to f; according to y,. After experiencing the partial history
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(Vo> f1» - - -» o), he selects y, according to p, and then moves to f, ., according to
ya. It is clear that to any measurable strategy there corresponds a natural random
strategy. The gambler gains nothing through the use of random strategies, as will
be shown later. We introduce them only because they are needed in measurability
arguments to follow.

Each random strategy p induces in a natural way a probability, which we shall
also denote by p, on the Borel subsets of X; i.e., p is the probability such that the
conditional distribution of y, given (yo, f1, . - ., /) 18 pa(: | Y0, f15 - - -» fn) and the
conditional distribution of f, ., given (yo, fi, . . ., fa» ¥n) 1S va. Let P* be the set
of probability measures p on the Borel sets of X, and let £* be the smallest o-
field in P* which makes u4 a * measurable function of u for each Borel subset 4
of X. Let

R ={(f,p) | o = p for some p available in I" at f}.
LEMMA 1. Re & xZ*,

Proof. pn=p for some p available in I' at f if and only if the conditional distri-
bution of f; given y, under u is v, € I'(f), and for n 2 1, the conditional distribution
of foi1 given (Yo, ..., fa ¥n) 18 vo € I'(f,) almost surely with respect to p. The
former condition is equivalent to, for all measurable functions w on Xj,

) f Wy, /1) sy 1) = j [ wro, 1 o) ity

Yo €M

while the latter condition is equivalent to, for all =1 and measurable functions
won X n+1s

fX W(‘)’o,--wfm 7mfn+l) d#(y0a~"afn+1)
(2) n+1
= f fw('yOa .. "fm 'ynafn+1) dyn(fn+1) d#(‘}’o, o ~,fm 'yn)-
[(fn,7n)eT]

In the above integration, we use u to denote its marginal on spaces of lower
dimension, those spaces being indicated by the variables of integration.

For n=0, let w,,,, m=1, be a sequence of measurable functions on X,,, which
separates probabilities, i.e., such that if p#v on X,.,, there exists a j such that

f an dflr ?é an dV.
Xn+ Xn+1

Such a sequence exists. For example, we can let w,,, m2 1, be the indicator func-
tions of sets in a countable field generating the Borel sets of X,,,. For m21,
let

Rom = {(f, ») | (1) holds for w = woy}
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and forn=1, m=1, let
Rum = {(f, ») | (2) holds for w = w,,}.

Each integral defined in (1) and (2) is a Borel measurable function of f and p by
Theorem 2.2 of [3]; hence each R,,, € # xX*, and

g

R=0 N Rum

n=0m=1

This completes the proof.
For any p € P*, and any measurable stop rule ¢, let

1) = [
and let
ut(w) = sup u(p, 1),

O = max 1) i, )

(Any stop rule ¢ on H determines in an obvious way a stop rule on X, which we
shall also denote by 2.)

We may interpret u(u, ¢) as the gambler’s utility if he were to stop a process with
distribution p using stop rule ¢, and p*(r) as the best he could do using measurable
stop rules if the distribution of the process were u. If his initial fortune is f, he may
choose the distribution of the process to be any p with (f, x)€ R or stop
immediately; hence Q(f) is the best he can do using random strategies and
measurable stop rules.

LemMA 2. Q is absolutely measurable.

Proof. u(y, t) is a £* measurable function of x for each ¢. According to Corollary
1, u*(n) is Z* measurable. For each real A,

By ={(, ) | (s, W) € R, u*(w) > Ny e BxE*.

Hence C,={f| Q(f)> A}, which is the projection of B, on F, is analytic and so is
absolutely measurable [5, p. 58].

6. Proof that Q=U. We defined Q as the best the gambler could do using
random strategies. We must now show first that he cannot do better with non-
measurable strategies, and second that he can do as well with measurable (non-
random) strategies.

Lemma 3. Q=U.

Proof. Clearly Q =u; hence by Theorem 2.12.1 of [4] we need only show that
Q is excessive for T', i.e., that for any f; € F and any y € I'(fy), | Q dy = O(fy).
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Since Q is absolutely measurable, there exists an N, € # such that yN,=0 and a
% measurable v such that for f¢ N, v(f)= Q(f). Let

Ao = {f] o(f) = u(f)},

and for an arbitrary >0, let
R ={(fim)eR|fe N,V A} U{(f; r) € R| v(f) > u*(n)—e}.

Then A, € %, R, € #xZ*, and for each fe€ F, the f section of R, is nonempty.
Thus by Theorem 6.3 of [7], we can find a measurable map ¢ from F to P* and
N, € # with yN,=0 such that for f'¢ N,, ¢(f) € R.. Let p be the random strategy
which uses y as the initial gamble and then uses ¢(f) if the resulting state is f; i.e.,

Po = (),
Pn(')’afla Yoo fn) = [‘P(fl)]n—l(')'b .. ~3fn) fOI‘fl ¢N
= py, for f, € N,

where p’ is some arbitrary strategy and N=N; U N,.
Let {t,} = C be a sequence of stop rules constructed as in §2, and let

Ay = {f¢ AU N | u(e(f), 1) < u*@(f)—cfor1 Sj<n
and u(p(f), t,) > p*(e(f)) -2}
Let ¢ be the stop rule defined by
(i, for--) =1 iffiedoUN
=t,(fo, fo, .- )+ 1 iffied, for nx=1.
Then

0D 2 o, 1) = [ u(f) dycfl)+§1 [ o, 1) i)
> [oth) dtsd—e.

Since e was arbitrary, this completes the proof of Lemma 3. We now must show
that the gambler gains nothing through the use of random strategies.

THEOREM 3. Let p be any random strategy and t be any stop rule. Then there exists
a measurable strategy o such that u(o, t) = u(p, t).

Proof. Let
vulye) = [ £) doCxlyo)
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be the conditional expected utility of the policy (p, ¢) after the gambler has choosen
the initial gamble y,, and for n2 1, let

vu(xna Yn) = J‘ﬁ(x) dP(x Ixm Yn)

be the conditional expected utility of the policy (p, ) after the gambler has ex-
perienced the partial history x, and chosen the gamble y,. (If he has already
stopped, i.e., if #(x) <n, then v,(x,, y,)=/:.) Then

o, 1) = [0o70) dpalr)

= ff vn(xm )'n) dPn()’nlxn) dp(x,) fornz 1;

i.e., the expected utility of (p, ) is the expected value of the conditional expected
utility at time n for any n. We can find o; € I'(f;) such that

volah) = f volre) dpovo);

and for n=1, by Lemma 2 of [1], we can find a measurable map ¢, from X, to P
such that o,(y, f1, . . -, f») € I'(f;) and

U,,(X,,, 0;‘()(,,)) 2 fvn(xm Yn) dPn(YnIxn)'

Let p™=258(ay), ..., 8(0n_1); Pns Pn+1,- - -, DE the strategy which uses ¢’ for the
first n gambles and then switches to p. An easy induction argument shows that

ulp, 1) = u(p®, 1) £ -,

Furthermore, since « is bounded and all the probabilities involved are countably
additive,

lim u(p™, t) = u(o’, t).
n-— o

In the sense of the definition, o’ is not a measurable strategy, since o, depends on
past gambles as well as past fortunes. However, if we define the measurable strategy
o by

’
Gop = O,

on(fb .. -,fn) = U;u(oo’fl’ Y1 o ')'n-l,fn)y

where y;=07(00, f1, Y15 - - -, f3) for j=1,2, ..., n—1, then ¢’ and ¢ induce the same
probability on the spaces of histories H and X; hence u(c¢’, t)=u(o, t). This
completes the proofs of Theorems 1 and 3.
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